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Abstract
Let G be a finite, simple, and undirected graph and let S be a set of vertices of G. In the geodetic
convexity, a set of vertices S of a graph G is convex if all vertices belonging to any shortest path between two
vertices of S lie in S. The convex hull H(S) of S is the smallest convex set containing S. If H(S) = V (G),
then S is a hull set. The cardinality h(G) of a minimum hull set of G is the hull number of G. The
complementary prism GG of a graph G arises from the disjoint union of the graph G and G by adding
the edges of a perfect matching between the corresponding vertices of G and G. Motivated by the work of
Duarte et al. [31], we determine and present lower and upper bounds on the hull number of complementary
prisms of trees, disconnected graphs and cographs. We also show that the hull number on complementary
prisms cannot be limited in the geodetic convexity, unlike the P3-convexity.
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1 Introduction
In this paper we consider finite, simple, and undirected graphs, and we use standard terminology in Graph
Theory. For a finite and simple graph G with vertex set V (G), a graph convexity on V (G) is a collection C of
subsets of V (G) such that ∅, V (G) ∈ C and C is closed under intersections. The sets in C are called convex sets
and the convex hull HC(S) in C, of a set S of vertices of G, is the smallest set in C containing S.
Through the concepts of graph convexity we can model, and eventually solve, problems in contexts that
requires some disseminating process, such as contamination [2, 4, 29], marketing strategies [20, 41, 42], spread
of opinion [5, 29], spread of influence [41, 43] and distributed computing [35, 38, 44, 46].
Some natural convexities in graphs are defined by a set P of paths in G, in a way that a set S of vertices of
G is convex if and only if for every path P = v0v1 . . . vl in P such that v0 and vl belong to S, all vertices of P
belong to S.
If we define P as the set of all shortest paths in G, we have the well-known geodetic convexity [8, 21, 23,
24, 25, 27, 33, 37]. The monophonic convexity is defined by considering as P the set of all induced paths of G
[19, 26, 32, 34] . The set of all paths of G leads to the all paths convexity [14]. When P is the set of all triangle
paths in G, then C is the triangle path convexity [15, 28]. The P3-convexity is defined by considering P the set
of all paths of G with three vertices [3, 9, 13, 17, 27, 31, 45, 47].
Our work considers C the geodetic convexity. Given a graphG, the closed interval I[u, v] of a pair u, v ∈ V (G)
consists of u, v, and all vertices lying in any shortest path between u and v in G. For a set S ⊆ V (G), the closed
interval I[S] is the union of all sets I[u, v] for u, v ∈ S. If I[S] = S, then S is a convex set.
The convex hull HC(S) of S is the smallest convex set containing S. Since a graph G uniquely determines
its convexity C, we may write H(S), instead of HC(S). The convex hull H(S) can be formed from the sequence
Ip[S], where p is a nonnegative integer, I0[S] = S, I1[S] = I[S], and Ip[S] = I[Ip−1[S]], for p ≥ 2. When,
for some p, we have Iq[S] = Ip[S], for all q ≥ p, then Ip[S] is a convex set. Let S and X be sets of vertices
of a graph G. If X ⊆ H(S), we say that X is contaminated by the vertices of S, or S contaminates X . If
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H(S) = V (G) we say that S is a hull set of G. The cardinality h(G) of a minimum hull set of G is called the
geodetic hull number of G, or simply hull number of G.
Everett and Seidman [33] introduced the concept of hull number considering the geodetic convexity. For
some later results see e.g. [6, 7, 10, 11, 16, 24, 40]. Related to complexity aspects, Dourado et al. [22] proved
that, given a graph G and an integer k, to decide whether the hull number of G is at most k is a problem
NP-complete. Araujo et al. [1] showed that the same problem is NP-complete even in bipartite graphs. Among
other results, Dourado, Penso and Rautenbach [23] proved that the hull number is NP-hard in P9-free graphs.
It is worth mentioning that the studies of hull number were also extended for other graph convexities. For
example, for general graphs, the hull number can be determined in polynomial time in triangle path convexity
[28] and monophonic convexity [26]. In P3-convexity, the problem for general graphs is NP-complete [12].
However, Duarte et al. [31] showed that the hull number of complementary prisms can be determined efficiently.
The complementary prisms were introduced by Haynes et al. [39] as a variation of the well-known prism of
a graph [36]. For a graph G with vertex set V (G) = {v1, . . . , vn} and edge set E(G), the complementary prism
of G is the graph denoted by GG with vertex set V (GG) = {v1, . . . , vn} ∪ {v1, . . . , vn} and edge set
E(GG) = E(G) ∪ {vivj : 1 ≤ i < j ≤ n and vivj /∈ E(G)} ∪ {v1v1, . . . , vnvn}.
Let G be a graph and G its complement. For every vertex v ∈ V (G) we denote v ∈ V (G) as its corresponding
vertex. In other words, the complementary prism GG of G arises from de disjoint union of the graph G and its
complement G by adding the edges of a perfect matching joining corresponding vertices of G and G.
Duarte [30] determined the geodetic hull number for complementary prisms GG when G is a path, a cycle,
or a complete graph, and proved that the P3-hull number of complementary prisms GG is limited when G and
G are connected. We extend these results by determining and presenting lower and upper bounds on the hull
number for complementary prisms GG when G is a tree, a disconnected graph or a cograph. We also prove
that the geodetic hull number on the complementary prism GG cannot be limited when G and G are connected
graphs, unlike what happens in P3-convexity.
This paper is divided in more three sections. In Section 2 we define the fundamental concepts and ter-
minology. In Section 3 we present our results. We close with the conclusions and future works in Section
4.
2 Preliminaries
Let G be a graph. Given a vertex v ∈ V (G), the open neighborhood of v is the set of neighbors of v, denoted by
NG(v). The closed neighborhood of v, denoted by NG[v], is the set NG[v] = NG(v)∪{v}. The open neighborhood
of a set U ⊆ V (G), denoted by NG(U), is the set of vertices of V (G) \ U which are adjacent to some vertex of
U .
A clique of a graph G is a subset of pairwise adjacent vertices in G. We say that v is a simplicial vertex of
G if NG[v] induces a clique. According to Everett and Seidman [33], every hull set of a graph G contains the
set of all simplicial vertices of G, as stated in Lemma 2.1.
Lemma 2.1 (Everett and Seidman [33]). For every hull set S of a graph G, S contains the set of all simplicial
vertices of G.
Given two vertices u and v of a graph G, the distance dG(u, v) is the length of a path linking u and v with
minimum number of edges. We say that v is reachable from u, if there exists a path P from u to v in G. Let
P = u0u1 . . . uk a path in G. For every vertex ui, for 1 ≤ i ≤ k, we say that the vertex ui−1 is a predecessor of
ui in P .
A graph G is called connected if any two of its vertices are linked by a path in G. Otherwise, G is called
disconnected. A maximal connected subgraph of G is called a connected component or component of G. A
component Gi of a graph G is trivial, if |V (Gi)| = 1, and nontrivial otherwise. The greatest distance between
any two vertices in G is the diameter of G, denoted by diam(G).
As described in Introduction, in [30], Duarte shows results on the geodetic hull number for complementary
prisms, that follow below.
Theorem 2.2 (Duarte [30]). Let G be a graph.
1. If G = Kn, then h(GG) = n, for n ≥ 2;
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2. If G = Pn, then h(GG) =
{
3, if n = 3,
2, otherwise.
3. If G = Cn, then h(GG) =
{
2, if n ≥ 6,
3, otherwise.
3 Results
This section is intended to present our results. We begin by showing in Lemma 3.1 a property related to
simplicial vertices in a graph G and in its complement G.
Lemma 3.1. Let G be a graph. If u is a simplicial vertex in G and u is a simplicial vertex in G, then every
hull set S of GG intersects {u, u}.
Proof. Let G be a graph. Let u be a simplicial vertex in G and u be a simplicial vertex in G. Suppose, by
contradiction, that there exists a hull set S of GG such that S ∩ {u, u} = ∅.
Since S is a hull set of GG, we have that u, u ∈ H(S). Since the distance between any vertex of G to
any vertex of G is at most two, any path containing {u, u} has distance at least 3. Then, u and u were not
contaminated simultaneously. Furthermore, we have that I[x, y], with x ∈ V (G) \ {u} and y ∈ V (G) \ {u},
does not contain u nor u. So, the vertex u or u were not contaminated by x and y. Thus, the vertex u (u) was
contaminated by a vertex of G (G).
Case 1: The vertex u was contaminated by x, y ∈ V (G) \ {u}.
Consider that x, y ∈ V (G) \ {u}. Since u ∈ I[x, y], then xy /∈ E(G). But since u is simplicial in G, we have that
NG[u] is a clique, therefore any shortest path joining x and y does not contain u. Thus, we have that u /∈ H(S),
a contradiction.
Case 2: The vertex u was contaminated by x, y ∈ V (G) \ {u}.
Consider that x, y ∈ V (G) \ {u}. Analogously to Case 1, since u ∈ I[x, y], then xy /∈ E(G). But since u is
simplicial G, we have that NG[u] is a clique, then any shortest path linking x and y does not contain u, therefore
u /∈ H(S), a contradiction.
So, S is a hull set of GG, then S ∩ {u, u} 6= ∅.
3.1 Trees
Now, we proceed with the results of the hull number for the complementary prism GG when G is a tree. A
special case of tree, called star Sn is the complete bipartite graph K1,n.
Theorem 3.2. Let T be a tree and consider an integer n ≥ 3. Then:
h(TT ) =
{
n+ 1, if T = Sn,
2, otherwise.
Proof. Consider the cases: T is a star or not.
First, if T is a star, let V (T ) = {u0, u1, u2, . . . , un} and E(T ) = {u0ui : 1 ≤ i ≤ n}, where n ≥ 3. Let S be
a hull set of TT .
By the definition of T , we have that u0 ∈ T is adjacent to ui, for every 1 ≤ i ≤ n, then u0 ∈ T has no
adjacent vertices in T . This implies that u0 is a simplicial vertex in V (GG). Then, by Lemma 2.1, S contains
u0, therefore h(TT ) ≥ 1.
Still by the definition of T , the vertex ui is simplicial in T , for every 1 ≤ i ≤ n, and ui is simplicial in T , for
every 1 ≤ i ≤ n. This way, Lemma 3.1 implies that S contains at least one vertex from each set Ui = {ui, ui},
for every 1 ≤ i ≤ n, then h(TT ) ≥ n+ 1.
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For the upper bound, consider S = {u0, u1, u2, . . . , un}. We have that dTT (u0, ui) = 3, for every 1 ≤ i ≤ n.
Since u0 and ui belong to a shortest path from u0 to ui, then u0, ui ∈ I[S]. Thus, V (TT ) = I[S] = H(S),
therefore S is a hull set of TT . Since |S| = n+ 1, then h(TT ) = n+ 1, when T is a star.
For second equality, since h(PnPn) = 2, for n 6= 3 (Theorem 2.2), and P3 is a star, suppose that |V (T )| ≥ 5.
Let T 6= Pn. Since T is not a star and |V (T )| ≥ 5, there exist vertices u, v ∈ T such that dT (u, v) ≥ 3.
Consider S = {u, v} such that u, v ∈ V (T ) and the distance between u and v in T is equal to 3. Since
dT (u, v) = 3, there exist x, y ∈ V (T ) such that x and y belong to a shortest path joining u and v, let P1 =
u, x, y, v. The vertices u, v ∈ V (T ) also belong to a shortest path joining u and v, let P2 = u, u, v, v. Then
I[S] ⊇ {u, v, x, y, u, v}. Since dTT (x, v) = 2 and dTT (y, u) = 2, we have that I
2[S] ⊇ {u, v, x, y, u, v, x, y}.
Since ux ∈ E(T ), ux /∈ E(T ), then dTT (u, x) ≥ 2. Let W = {w ∈ V (T ) : w /∈ NT ({u, x}) \ {y}} and W =
{w ∈ V (T ) : w is corresponding to w ∈ W}. For every vertex w ∈ W , we have that every w ∈ W is adjacent
to u and x, thus w belongs to a shortest path between u and x, consequently W ⊆ I3[S]. Since yv ∈ E(T ),
yv /∈ E(T ), then dTT (y, v) ≥ 2. Let Z = NT ({u, x}) \ {y} and Z = {z ∈ V (T ) : z is corresponding to z ∈ Z}.
For every vertex z ∈ Z, z is not adjacent to y, v, then z ∈ Z is adjacent to y and v. Thus z belongs to a shortest
path between y and v which implies that Z ⊆ I3[S]. Thus, V (T ) ⊆ H(S).
Since T is connected, every vertex t ∈ V (T ) \ {u, x, y, v} is reachable from a vertex in {u, x, y, v} and since
V (T ) ⊆ I3[S], then t ∈ Iα[S] for 4 ≤ α ≤ h, in which h is the height of the breadth search tree of T , starting
from {u, x, y, v}. Since H(S) = Iα[S] = V (TT ), then S is a hull set of TT , therefore h(TT ) = 2.
Figure 1(a) contains a complementary prism SnSn and Figure 1(b) contains a complementary prism TT
with T 6= Sn. The black vertices represent a hull set of each complementary prism.
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(a) Complementary prism of a star Sn.
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(b) Complementary prism of a tree T .
Figure 1: Trees of the cases of Theorem 3.2.
3.2 Disconnected Graphs
In P3-convexity, Duarte et al. [31] study the hull number in complementary prisms GG when G is a disconnected
graph. We show in Theorem 3.3 a similar result, considering the geodetic convexity.
Theorem 3.3. Let G be a disconnected graph. If G has k ≥ 2 connected components, in which at least two of
them are nontrivial, then h(GG) = k + 1.
Proof. Let G be a disconnected graph with V (G) = {u1, . . . , un}. Suppose that G has at least two nontrivial
connected components. Let G1, . . . , Gk be the connected components of G. Let G1, . . . , Gk the subgraphs
induced by ui ∈ V (G) corresponding to the vertices ui from each connected component of G.
Since G is disconnected, every component Gi, 1 ≤ i ≤ k, is not contaminated by vertices from other
components Gj , 1 ≤ j ≤ k, i 6= j. Since every vertex of Gi, 1 ≤ i ≤ k, is adjacent to every vertex of Gj ,
1 ≤ j ≤ k, for i 6= j, then the distance between any two vertices of G is at most 2. Thus, every component Gi,
1 ≤ i ≤ k, is not contaminated only by vertices of G, which implies that h(GG) ≥ k. Since every set of vertices
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of GG containing only one vertex ui of each component Gi, 1 ≤ i ≤ k, contaminates only corresponding vertices
ui in Gi, then h(GG) ≥ k + 1.
Let Gr and Gs two nontrivial connected components of G. Let u1, u2 ∈ V (Gr) such that u1u2 ∈ E(G). Let
S = {u1, u2} ∪ {ui ∈ Gi : 1 ≤ i ≤ k, i 6= r}.
Since dGG(u1, u2) = 2, u1u2u2 is a shortest path between u1 and u2, then u2 ∈ I[S]. We also have that
u1u1uu is a shortest path between u1 and u, for every u ∈ S from each Gi, 1 ≤ i ≤ k with i 6= r, then
u1, u ∈ I[S].
Since u1u2 ∈ E(G), then u1u2 /∈ E(G). Since G has connected components G1, . . . , Gk, then every vertex of
each induced subgraph Gi of G is adjacent to every vertex of each induced subgraph Gj of G, for 1 ≤ i, j ≤ k,
i 6= j. Since dGG(u1, u2) = 2, every vertex x in Gj , 1 ≤ j ≤ k with j 6= r, is in a shortest path between u1 and
u2, thus I
2[S] contains every vertex of Gj , 1 ≤ j ≤ k, j 6= r.
Since Gs is a nontrivial connected component of G, then there exist at least two adjacent vertices in Gs, u3
and u4. Since u3, u4 ∈ I2[S], because r 6= s, and dGG(u3, u4) = 2, then every vertex w ∈ Gr is in a shortest
path linking u3 and u4, which implies that I
3[S] contains every vertex w ∈ Gr. Thus, I3[S] contains V (G).
Remains to show that V (G) ⊆ H(S). Consider now, each connected component Gi, for 1 ≤ i ≤ k. Since
each component Gi is connected, then there exists a path joining each pair of vertices in each Gi. Since there
exists at least one vertex u contaminated in each Gi, then every vertex ul ∈ Gi is in a shortest path between
ul and u, or between ul and its predecessor previously contaminated, which implies that ul ∈ H(S). This way,
V (G) ⊆ H(S), then V (GG) = H(S). Therefore, S is a hull set of GG and h(GG) = k + 1.
Ilustrating Theorem 3.3, Figure 2 shows a complementary prism GG of a disconnected graph G with at least
two nontrivial connected components. Circles represent the connected components Gi, dashed circles represent
the subgraphs Gi and dashed lines represent the set of edges joining every vertex of Gi to every vertex of Gj ,
i 6= j. Black vertices represent a hull set of GG.
...
...
...
...
... ...
...
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Figure 2: Complementary prism GG of a disconnected graph G,
with nontrivial connected components Gr and Gs.
Now, let G be a disconnected graph with exactly one nontrivial connected component. We show lower and
upper bounds on the hull number of the complementary prism GG, in Theorems 3.4 and 3.5, respectively.
Theorem 3.4. Let G be a disconnected graph. If G has exactly one nontrivial connected component and t > 0
trivial components, then h(GG) ≥ t+ 2.
Proof. Let G be a disconnected graph, with exactly one nontrivial connected component, denoted by G1.
Consider v1, . . . , vt the vertices of the t > 0 trivial components of G and V (G1) = {u1, . . . , up}. Let S ⊆ V (GG)
a hull set of GG.
5
Since t > 0 and every vertex vi of each trivial component of G, for 1 ≤ i ≤ t, is simplicial in GG, by Lemma
2.1, vi ∈ S. This implies that h(GG) ≥ t. Since the distance between any two vertices of G is at most 2, we
have that no shortest path between two vertices of G contains vertices of G1. Then, S ∩ V (G1) 6= ∅, which
implies that h(GG) ≥ t+1. Since G has a nontrivial component G1, then |V (G1)| ≥ 2. But t+1 vertices of G,
with only one them in G1 contaminates only the corresponding vertices in GG. Then |S ∩ V (G1G1)| ≥ 2, and
h(GG) ≥ t+ 2.
Theorem 3.5. Let G be a disconnected graph with exactly one nontrivial connected component. Consider G1
the nontrivial component of G, G1 the corresponding component of G1 in G and t > 0 the number of trivial
components in G. Then:
h(GG) ≤
{
h(G1) + t, if diam(G1) ≤ 3; (1)
t+ 2, otherwise. (2)
Proof. Let G be a disconnected graph with exactly one nontrivial connected component, denoted by G1. Con-
sider v1, . . . , vt the vertices of the t > 0 trivial components of G and V (G1) = {u1, . . . , up}.
(1) Let S1 be a minimum hull set of G1 and suppose that diam(G1) ≤ 3. Let S ⊆ V (GG) such that
S = S1 ∪ {v1, . . . , vt}.
Since S1 is a hull set of G1 and the maximum distance between each pair of vertices of G1 is at most 3, we
have that the distances between each pair of vertices of G1 are the same in GG, then H(S) contains V (G1).
Consequently, V (G) ⊆ H(S), since vi ∈ S, for every 1 ≤ i ≤ t.
Since G is disconnected, then dGG(u, vi) = 3, for every u ∈ V (G1), for every 1 ≤ i ≤ t. Thus, we have that
u, vi ∈ I[u, vi], for every u ∈ V (G1) and 1 ≤ i ≤ t, which implies that V (G) ⊆ H(S). Thus, H(S) = V (GG),
and S is a hull set of GG. Therefore h(GG) ≤ h(G1) + t.
(2) Let S1 be a minimum hull set of G1 and suppose that diam(G1) > 3.
Since diam(G1) > 3, there exist at least two vertices x, y ∈ V (G1) such that dG(x, y) > 3. Thus, we can
define, without loss of generality, a path P = u1u2u3u4u5 in G such that dG(u1, u5) = 4.
Let S ⊆ V (GG) such that S = {u1, u4} ∪ {vi}, for every 1 ≤ i ≤ t.
Since dGG(u1, u4) = 3, then u2, u3 ∈ I[S]. Still in the same iteration of the interval operation, u1, u4, vi ∈
I[S], for every 1 ≤ i ≤ t, since u1u1vivi is a shortest path from u1 to vi, for every 1 ≤ i ≤ t. Then, since u2 and
u3 are contaminated, we have that u2, u3 ∈ I2[S], since u2u2vivi and u3u3vivi are shortest paths, respectively,
joining u2 and vi, and u3 and vi, for some 1 ≤ i ≤ t.
To complete the proof that S is a hull set of GG, we analyse a vertex z ∈ V (G) depending on the number
of its neighbors in P ′ = {u1, u2, u3, u4}, to verify whether z or z can be contaminated. Since dGG(u1, u4) = 3,
we disregard the cases in which z is adjacent to both u1 and u4.
Case 1: |NG(z) ∩ P ′| ≤ 1.
In this case, z is adjacent to two vertices of {u1, u2, u3, u4}, say ui, and uj . Then z ∈ I[ui, uj ].
Case 2: |NG(z) ∩ P ′| = 2.
Suppose that z has two neighbors ui, uj ∈ P ′, for i, j ∈ {1, . . . , 4}, i 6= j. If i, j ∈ {1, 2} (i, j ∈ {3, 4}), i 6= j, we
repeat the arguments in Case 1. If i, j ∈ {2, 3}, i 6= j, we have that z ∈ I[u4, u5]. If i, j ∈ {1, 3}, (i, j ∈ {2, 4})
i 6= j, we have that z ∈ I[u1, u4]. Since z is contaminated, then z ∈ I[z, v], for v of any trivial component of G.
Case 3: |NG(z) ∩ P ′| = 3.
Suppose that z has three neighbors ui, uj, uk ∈ P ′, for i, j, k ∈ {1, . . . , 4}, i 6= j 6= k. Since dGG(u1, u4) = 3,
i, j, k ∈ {1, 2, 3} or i, j, k ∈ {2, 3, 4}, i 6= j 6= k. Then we have that z ∈ I[u1, u4]. Since z is contaminated, then,
as in Case 2, z is contaminated.
By the cases above, we conclude that z ∈ H(S). Thus, we have that V (G) ⊆ H(S). Since G1 is connected and
S ∩ V (G1) 6= ∅, every uncontaminated vertex z ∈ V (G) is contaminated by the vertices from a shortest path
between z and its contaminated predecessor in G1, then H(S) = V (GG). Therefore, S is a hull set of GG and
h(GG) ≤ t+ 2, which completes the proof.
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Figure 3 shows examples of complementary prisms in which their minimum hull sets illustrate the upper
bounds of Theorem 3.5. Black vertices represent a hull set of each complementary prism. The dashed circles
represent the subgraph G1 and dashed lines represent the set of edges joining every vertex of G1 to v1 and v2
in each complementary prism.
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(a) Complementary prism GG in which
diam(G1) = 3.
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(b) Complementary prismGG in which diam(G1) = 4.
Figure 3: Complementary prisms GG of disconnected graphs G with one nontrivial component.
Theorem 3.4 and Theorem 3.5 (2), implies directly in the equality of Corollary 3.6.
Corollary 3.6. Let G be a disconnected graph with one nontrivial connected component G1 and t > 0 trivial
components. If diam(G1) > 3, then h(GG) = t+ 2.
Continuing our studies on complementary prisms GG when G is a disconnected graph with one nontrivial
connected component G1, we notice that the upper bound of h(GG) can also be determined in function of
h(G1). Theorem 3.7 shows this result.
Theorem 3.7. Let G be a disconnected graph with exactly one nontrivial connected component. Consider G1
the nontrivial component of G, G1 the corresponding component of G1 in G and t > 0 the number of trivial
components in G. If diam(G1) ≤ 2, then h(GG) ≤ h(G1) + t.
Proof. Let G be a disconnected graph with exactly one nontrivial connected component, denoted by G1. Con-
sider v1, . . . , vt the vertices of the t > 0 trivial components of G and V (G1) = {u1, . . . , up}.
Let S2 a minimum hull set of G1. Suppose that diam(G1) ≤ 2. We have that dGG(ui, uj) ≤ 2, for every
ui, uj ∈ V (G1). Consider S ⊆ V (GG) such that S = {ui ∈ V (G) : ui ∈ S2} ∪ {v1, . . . , vt}.
Since uu vivi is a shortest path from u to vi, for every u ∈ V (G1) and 1 ≤ i ≤ t, we have that u, vi ∈ I[S],
for every 1 ≤ i ≤ t and u ∈ S2. Since diam(G1) ≤ 2, we have that the distances of the vertices of G1 are the
same in GG, and since S2 is a hull set of G1, then H(S) contains V (G1). Consequently V (G) ⊆ H(S).
Since G1 is connected and S ∩ V (G1) 6= ∅, every uncontaminated vertex u ∈ V (G) is contaminated by
the vertices from a shortest path between u and its contaminated predecessor in G1, then H(S) = V (GG).
Therefore S is a hull set of GG and h(GG) ≤ h(G1) + t.
Finally, considering that diam(G1) ≤ 3 and diam(G1) ≤ 2, combining the first inequality of Theorem 3.5
(1) with the result stated in Theorem 3.7, we can obtain a more restricted upper bound. Corollary 3.8 shows
this result.
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Corollary 3.8. Let G be a disconnected graph with exactly one nontrivial connected component. Consider G1
the nontrivial component of G, G1 the corresponding component of G1 in G and t > 0 the number of trivial
components in G. If diam(G1) ≤ 3 and diam(G1) ≤ 2, then h(GG) ≤ min{h(G1), h(G1)} + t.
3.3 Cographs
A cograph is a graph with no induced P4. As discussed in Introduction, Dourado et al. [22] prove that deciding
whether h(G) ≤ k is NP-complete. They also present polynomial-time algorithms for computing h(G) when
G is a unit interval graph, a cograph or a split graph. We investigate the hull number of the complementary
prisms of cographs, which resulted in Theorem 3.9.
Since a nontrivial cograph G is connected if and only if G is disconnected [18, 48], we can use our results of
complementary prisms of disconnected graphs to prove results for complementary prisms of cographs.
Theorem 3.9. Let G be a connected cograph. Let k be the number of nontrivial components of G and let t be
the number of trivial components of G. Then:
(i) h(GG) = t, if k = 0;
(ii) t+ 2 ≤ h(GG) ≤ min{h(G1), h(G1)}+ t, if k = 1, in which G1 is the nontrivial component of G and G1
is the corresponding component of G1, in G;
(iii) h(GG) = k + t+ 1, if k ≥ 2.
Proof. (i) If k = 0, G is a complete graph on t vertices and GG = KtKt, therefore h(GG) = t [30].
(ii) Let k = 1. If t = 0, we have that G is connected, contradicting our assumption that G is connected.
Thus, we consider that t > 0. Since GG is isomorphic to GG and G is disconnected with one nontrivial
component, Theorem 3.4 implies that h(GG) ≥ t+ 2.
Since G is a cograph, then G1 is also a cograph. This implies that G1 is also a cograph and consequently
diam(G1) ≤ 2. Since G1 is a connected cograph, then G1 is disconnected. This way, we consider the diameter
of G1 in terms of its j connected components, denoted by G
i
1
, 1 ≤ i ≤ j.
Since G1 is a cograph, every subgraph G
i
1, for every 1 ≤ i ≤ j, are cographs, which implies that diam(G
i
1) ≤
2. Since the hull number of a disconnected graph is equal to the sum of the hull numbers of its components, we
have that h(G1) =
∑j
i=1 h(G
i
1).
Since diam(Gi
1
) ≤ 2, for every 1 ≤ i ≤ j, and diam(G1) ≤ 2, Corollary 3.8 implies that h(GG) ≤
min{
∑j
i=1 h(G
i
1), h(G1)} + t, that is h(GG) ≤ min{h(G1), h(G1)} + t. Therefore, if k = 1, then t + 2 ≤
h(GG) ≤ min{h(G1), h(G1)} + t.
(iii) Let k ≥ 2. Since G has at least two nontrivial connected components and GG is isomorphic to GG,
Theorem 3.3 implies that h(GG) = k + t+ 1.
3.4 Unlimited Geodetic Hull Number
Unlike P3-convexity, in which the hull number of complementary prisms GG when G and G are connected is
limited to 5 [31], in geodetic convexity the hull number of complementary prisms GG when G and G are both
connected cannot be limited. Theorem 3.10 express this result.
Theorem 3.10. For every integer n ≥ 2, there exist connected graphs G and G such that h(GG) = n.
Proof. Suppose that n = 2. Let G = P4 and G = P 4. By Theorem 2.2 h(P4P 4) = 2. Therefore, for n = 2 the
result holds.
Suppose that n > 2. Let Kn be a complete graph with V (Kn) = {u1, u2, ..., un}. Let G be a connected
graph in which V (G) = V (Kn) ∪ {v1, v2} and E(G) = E(Kn) ∪ {u1v1, u2v2}, see Figure 4.
For the lower bound, let us prove that h(GG) ≥ n. We show that, for every S ⊆ V (GG) such that |S| ≤ n−1,
S is not a hull set GG. For that, we verify that, if there exist two vertices ui, ui ∈ V (GG) such that ui, ui /∈ S,
for some 3 ≤ i ≤ n, then ui, ui will not belong to H(S).
Let S ⊆ V (GG) such that |S| ≤ n− 1. For every combination of n− 1 vertices of V (GG), at least a vertex
ui and its corresponding vertex ui, for 1 ≤ i ≤ n, will not belong to S, since |V (Kn)| = |V (Kn)| = n. We
consider some observations.
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Observation 1: If u1, u1 /∈ S (u2, u2 /∈ S), then there exist vertices ui, ui that do not belong to S, for 2 ≤ i ≤ n
(1 ≤ i ≤ n, i 6= 2).
Suppose that u1, u1 /∈ S. For every combination S with at most n− 1 vertices of V (GG), in which u1, u1 do not
belong to S, we have that u1, u1 can belong or not to H(S). If u1, u1 do not belong to H(S), immediately S is
not a hull set of GG. But if u1 ∈ H(S), we have that u1 belongs to a shortest path between two other vertices
that belong to S or Iα[S]. Since the distance between each pair of vertices uj, uk ∈ V (Kn) is equal to 1, then
u1 depends of u1 to belong to H(S).
For that u1 belongs to H(S), u1 must belong to shortest path between two other vertices that belong to
S or Iα−1[S]. Since u1 is adjacent only to {u1, v2}, then for that u1 belongs to Iα[S], it is necessary that u1
enters first in Iα−1[S] or u1 and u1 enter together in I
α[S]. Then if u1 /∈ H(S), u1 /∈ H(S).
Since u1 /∈ S, and since the distance from v2 to any neighbor of u1 is equal to 2, then u1 belongs to a
shortest path between v1 and uj , for some 2 ≤ j ≤ n, or between v1 and v2. Thus, if u1 belongs to H(S), then
at least v1 belongs to I
α[S]. But since v1 is adjacent only to {u1, v1}, and the distance between v1 and any
other vertex of V (GG) is at most 2, then v1 must belong to S. This way, S contains at most n− 2 vertices of
V (Kn) ∪ V (Kn). Then at least a vertex ui, for 2 ≤ i ≤ n, and also its corresponding vertex ui do not belong
to S, since |V (Kn)| = |V (Kn)| = n.
The same argument can be applied to show that if u2, u2 /∈ S, then there exists vertices ui, ui that do not
belong to S, for 1 ≤ i ≤ n, i 6= 2.
From the arguments of Observation 1 we conclude that, if u1, u1 (u2, u2) do not belong to S, it is possible
that u1, u1 (u2, u2) belong to H(S). If that happens, other vertices ui, ui, for some 2 ≤ i ≤ n, (1 ≤ i ≤ n, i 6= 2)
must not belong to S.
Observation 3: If u1, u2, u1, u2 /∈ S, then there exist vertices ui, ui that do not belong to S, for 3 ≤ i ≤ n.
Consider that u1, u1, u2, u2 /∈ S. We have that u1, u2 and their corresponding vertices u1, u2 can belong or not
to H(S). If those four vertices do not belong to H(S), immediately S is not a hull set of V (GG). But if u1, u2
belong to H(S), since the distance between each pair of vertices uj, uk ∈ V (Kn) is equal to 1, then u1 does
not belong to any shortest path between uj and uk, and the same occurs with u2. Thus, we have that u1, u2
belong to the same shortest path between two other vertices that belong to S or Iα[S]. Since u1, u2 /∈ S, then
u1, u2 belong to a shortest path between v1 and v2, consequently v1, v2 ∈ Iα[S]. But v1 is adjacent only to
{u1, v1} and v2 is adjacent only to {u2, v2} and since dGG(v1, v2) = 1, then v1, v2 must belong to S. Thus,
every combination of S, in this case, must contain n− 3 vertices of V (Kn)∪V (Kn), which implies that at least
a vertex ui ∈ V (Kn), for some 3 ≤ i ≤ n, as well as its corresponding vertex ui ∈ V (Kn), do not belong to S,
since |V (Kn)| = |V (Kn)| = n.
So far we conclude that, if |S| ≤ n− 1, then some pair of vertices ui, ui must not belong to S. If u1, u1 /∈ S
or u2, u2 /∈ S or u1, u1, u2, u2 /∈ S, then ui, ui /∈ S, for 3 ≤ i ≤ n.
Now, remains to show that, if ui, ui /∈ S, then ui, ui /∈ H(S), for 3 ≤ i ≤ n.
Since ui, ui, for 3 ≤ i ≤ n, are simplicial vertices in G and G, respectively, Lemma 3.1 implies that every
hull set S of GG intersects {ui, ui}. Thus, since S ∩ {ui, ui} = ∅, then ui, ui /∈ H(S), a contradiction.
Therefore, every combination S, containing at most n − 1 vertices of V (GG), is not a hull set of GG.
Consequently, h(GG) ≥ n.
For the upper bound, let S = {u1, u2, ..., un}. We have that dGG(u1, u2) = 3, then u1, u2, v1, v2 ∈ I[S].
Since dGG(u1, v1) = 2 and dGG(u2, v2) = 2, then v1, v2 ∈ I
2[S]. We also have that every ui, for 3 ≤ i ≤ n, is
in a shortest path from u1 to ui, then ui ∈ I2[S]. Since V (GG) = I2[S] = H(S), then S is a hull set of GG.
Therefore h(GG) = n, which completes the proof.
Figure 4 shows an example of the construction of the complementary prism GG presented in Theorem 3.10,
for n = 6. Black vertices represent a hull set of GG.
Finally, considering the complementary prism GG of the graphs or G or G connected, the geodetic hull
number also cannot be limited. An example is the graph SnSn (Theorem 3.2).
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Figure 4: G and G connected, with h(GG) = 6.
4 Conclusions
We have considered the geodetic hull number on complementary prisms of trees, disconnected graphs and
cographs. We have also shown that geodetic hull number on complementary prisms GG can be unlimited on
connected graphs G and G, unlike what happens in P3-convexity.
As future work, we suggest to determine the complexity of the following decision problem.
Problem 4.1. Let k be a positive integer. Given a graph G, to decide whether the geodetic hull number of the
complementary prism GG is at most k.
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